In this article we investigate the role played by large diffeomorphisms of quantum Isolated Horizons for the statistics of LQG Black Holes by means of their relation to the braid group. To this aim the symmetries of Chern-Simons theory are recapitulated with particular regard to the aforementioned type of diffeomorphisms. For the punctured spherical horizon, these are elements of the mapping class group of S 2 , which is almost isomorphic to a corresponding braid group on this particular manifold. The mutual exchange of quantum entities in 2-dimensions is communicated by the braid group, rendering the statistics anyonic. With this we argue that the quantum Isolated Horizon model of LQG based on SU (2) k -Chern-Simons theory exhibits non-abelian anyonic statistics. In this way a connection to theory behind the fractional quantum Hall effect and that of topological quantum computation is established, where non-abelian anyons play a significant role.
I. INTRODUCTION
In case of spacetimes with boundaries or asymptotic regions, the variational principle applied to the EinsteinHilbert action holds only if one introduces boundary conditions on the fields and boundary terms into the action [53] . The inclusion of boundaries leads to a breaking of gauge and diffeomorphism invariances. Field configurations which used to be in the same gauge orbit are not anymore after the introduction of the boundary. There transformations become symmetry transformations and are not gauge invariances any more [43, 54] . The physical states of the respective quantum theory are allowed to transform under representations of the group of these boundary transformations. Hence, at the boundary new would-be gauge degrees of freedom (d.o.f.) appear. For example, in the case of Chern-Simons (CS) theory one needs these would-be gauge d.o.f. in order to provide a complete (intermediate) set of quantum states and they are thus necessitated for a consistently formulated quantum theory [41, 43] . In [54] these transformations are referred to as proper and improper gauge and diffeomorphism transformations which are related to surface integrals in the Hamiltonian and in the gauge generators. Distinct from the former are large gauge and diffeomor- * pithis@aei.mpg.de, Hruiz@science.ru.nl phism transformations, which are not imposed by constraints but can also have an interesting effect on the states of the theory [55] . This motivates us to have a closer look onto the taxonomy of transformations in the Loop Quantum Gravity (LQG) description of Black Holes based on Isolated Horizons (IH) and Chern-Simons theory. The horizon of Black Holes as an inner boundary of space can be described in equilibrium locally by the Isolated Horizon boundary condition [3] . Physically this condition amounts to having no fluxes of matter and/or gravitational energy across this horizon. The introduction of this notion is justified, since the usual definition of a Black Hole as a spacetime region of no escape is global. This means that it requires the knowledge of the entire spacetime and further that it is in equilibrium. Hence, it does not appear to be useful for the description of local physics. These problems are solved within the quasilocal notion of an Isolated Horizon and interestingly it is compatible with the laws of Black Hole mechanics. Through the formulation of the problem in this parametrization, one obtains a surface term for the horizon in the overall gravitational action. In terms of Ashtekar-Barbero variables it is proportional to the action of CS-theory and hence the gravitational field of the horizon is delineated by a topological gauge theory. The quantum geometric handling of spacetimes with such an Isolated Horizon by means of LQG techniques describes the quantum geometry of the bulk by a spin network, whose graph pierces the horizon surface yielding punctures. The totality of the punctures forms a gas of topological defects, which represent the quantum excitations of the gravitational field of the horizon. The Black Hole quantum d.o.f. are then described by SU (2) k -CStheory given on a punctured 2-sphere [9, 14] . After quantization, one sets out to count the microstates of the corresponding Hilbert space [7] [8] [9] [10] [11] [12] [13] [14] [15] . In the following let n j denote the occupation number of a certain puncture type that is labelled by an irreducible representation ρ j of the gauge group SU (2). The total number of microstates associated to a quantum configuration {n j } amounts to
wherein
(cf. appendix (A)). The total number of punctures is denoted by N = k/2 j n j . The combinatorial pre-factor indicates, that in the purely gravitational case the punctures are considered as distinguishable [2, 4, 9, 24] , in order to correctly account for the semiclassical linear entropy-area relation [5, 6] . The level of the theory usually is k ∝ a H /ℓ 2 p , wherein a H denotes the classical horizon area and ℓ p is the Planck length. Therefore it is convenient to assume the limit k → ∞ and when disregarding the next-to-leading order term [7, 17, 18] , one obtains
It counts the number of distinct microstates belonging to the distribution set {n j } and as a matter of fact it is that of a typical Maxwell-Boltzmann statistics for dinstinguishable entities [33] . The introduction of proper notions of a quasi-local energy and a local temperature of the Isolated Horizon, facilitates its statistical mechanical analysis [21] [22] [23] [24] . The following expression for the entropy is obtained
where A denotes the horizon area and σ(γ) is proportional to the chemical potential. S is both extensive in A and N being in accordance with the laws of (phenomenlogical) thermodynamics and Black Hole mechanics. Remarkably, it is compatible with the semiclassical Bekenstein-Hawking area law [5, 6] , since the second summand only expresses the quantum hair correction due to the quantum geometry of the Isolated Horizon. Despite these successes in matching the semiclassical results, the question was raised whether the statistics of the former quantum d.o.f. could be anyonic [22, 25] . This seems apriori justified, since the quantum d.o.f. live on a 2d surface and motivates us to turn to the seemingly more exotic type generally termed as anyonic/braiding statistics in this article. Before we start, we want to clarify the main assumptions for our work. We assume the Isolated Horizon framework [3] and its quantizationà la LQG which borrows techniques from CS-theory [9, 14] . The symmetries of the latter will be exploited. We will also maintain, that in the purely gravitational case the horizon d.o.f. are distinguishable from one and another if they are labeled by different irreducible representations of su(2) [2, 4, 9, 19, 24] . No effect of matter d.o.f. through the inclusion of a holographic degeneracy as in [28] is considered. Under these assumptions we investigate the role of large diffeomorphisms and its relation to the braiding symmetry for the horizon states. To this aim, the article is organized as follows. In subsection (II.A) we recapitulate properties of CS-theory necessitated for its application to LQG Black Holes in subsection (II.B). Therein we review the essentials of the classical phase space of the horizon field theory, the respective Hilbert space of the quantum Isolated Horizon and supplement them where needed. In subsection (II.C) we inspect the topological features of the physical phase space, which will reveal the anyonic nature of the horizon degrees of freedom. Since we assume that the horizon states are distinguishable throughout the article, we will explain the motivation for this in subsection (II.D). In (II.E) we turn to the relation between large horizon diffeomorphisms and the braid group of the punctured sphere, the latter being responsible for the statistics of the model. Subsection (II.F) connects the discussion of the properties of horizon degrees of freedom with formal aspects of non-abelian anyons known from solid state physics. Finally, section (III.) closes the article with a discussion of the results and comments on possible future investigations. In the appendices (A,B,C,D,E) we supplement the principle sections of the article through discussing the notions of a topological quantum field theory (TQFT), the braid and mapping class group.
II. CHERN-SIMONS THEORY, LOOP QUANTUM GRAVITY BLACK HOLES AND ANYONIC STATISTICS

A. Symmetries of CS-theory
On the space A P of connectionsÃ on a principal Gbundle P over an oriented smooth 3-manifold M the action of CS-theory is given as
where k denotes the coupling constant (level) of the theory. G is a compact, simple and simply connected group. Stationarity of the action leads to
The overall gauge group of this theory is given by the semi-direct product of Dif f (M ) with the infinite dimensional and possibly topologically non-trivial G = C ∞ (M, G) [41, 42] . The gauge transformation law for the connection reads
with g ∈ G.
Firstly, S CS is invariant under small gauge transformations. These are connected to the identity. Let g be such a transformation given in its finite form as g = exp(iJ a ζ a ). J a with a = 1...dimG are the generators of the Lie algebra of G and ζ a are the gauge parameters. Infinitesimally, g ≈ 1 − iJ a ζ a with ζ << 1 and this yields
Importantly, invariance under small gauge transformations is not enough to guarantee the invariance with repect to finite transformations. This is due to the fact that there are topologically non-trivial finite gauge transformations with homotopy class different from 0. One calls them large gauge transformations. If one demands that the path integral
is a gauge invariant object with respect to small and large gauge transformations, it can be shown that for closed M and compact G the coupling constant k must be an integer and is hence discrete. Secondly, since CS-theory is a TQFT of Schwarz type, its action, equations of motion and observables do not require the existence of a metric g µν [41, 44] . A natural class of gauge and diffeomorphism invariant observables are Wilson loop operators. Similar to gauge transformations with regard to G, one differentiates two types of diffeomorphisms, namely small and large ones. Diffeomorphisms that are homotopic to the identity can be infinitesimally generated and are called small. However, large diffeomorphisms cannot be obtained from summing up an infinite number of infinitesimal transformations and are not homotopic to the identity. The group of large diffeomorphisms is the quotient (group) of all diffeomorphisms by the small diffeomorphisms. It is called the mapping class group of M and is denoted as M CG(M ).
In the context of CS-theory one can show that on shell, i.e. when (6) is fulfilled, small diffeomorphisms are equivalent to small gauge transformations. To see this, consider the change of the connectionÃ under an infinitesimal coordinate transformation
wherein dÃ denotes the gauge-covariant exterior derivative and ξ is an infinitesimal generator of small diffeomorphisms. On shell this expression is just an ordinary infinitesimal gauge transformation (8) with the gauge parameter ζ a = ξ µÃa µ . In stark contrast to this, large diffeomorphisms and large gauge transformations are discrete and distinct symmetries of the theory. In the quantum theory one can't simply demand that quantum states should be invariant under the action of these groups. Instead they can act as symmetry transformations on the states. In the later course of the article we will argue for the importance of the mapping class group for the treatment of the quantum Isolated Horizon framework of Loop Quantum Gravity and we will relate it to the statistical symmetry giving rise to braided/anyonic statistics.
B. LQG Black Hole model and Hamiltonian formulation of CS-theory
The Isolated Horizon field theory lives on a 3-manifold ∆, which is a cylinder ∆ = R × Σ over the 2-surface of spherical topology Σ ∼ = S 2 . R parametrizes the time t and G is SU (2) hereafter. Spherically symmetric Isolated Horizons can be described as a dynamical system by a presymplectic form ω horizon , which corresponds to that of an SU (2)-CS-theory [9, 11, 14] . Physically this means that the gravitational field of the horizon resides in a topological phase. The overall symplectic structure splits as ω total = ω bulk + ω horizon (11) and field components from bulk and horizon are coupled properly together by the IH boundary condition which in terms of Ashtekar-Barbero variables reads as 
i denotes the solder 2-form of the bulk theory and the internal index i ∈ {1, 2, 3} indicates that the respective object carries a representation of su (2) . Both F i as well as Σ i are su(2)-valued, hence bulk and surface d.o.f. cannot be arbitrarily coupled [9, 14, 19] . In the Hamiltonian formulation of CS-theory [32, 41, 45, 47 ] the gauge field is split intoÃ = A 0 dx 0 + A i dx i due to the product structure of ∆. Then the spatial components A of the gauge field are considered as the dynamical variables. The appearing A 0 -component has null conjugate momentum and serves as a Lagrange multiplier in the action
enforcing the first class constraint F = 0. From the infinitesimal variation of the action one also obtains a boundary term, which we can identify as the symplectic potential
Therein ρ denotes an arbitrary functional of A and δρ expresses the freedom of canonical transformations [56] . The symbol δ corresponds to the exterior derivative on the space of gauge potentials on S 2 . The symplectic 2-form is obtained by
and we drop the subscript so ω horizon ≡ ω hereafter. If gauge symmetries have not yet been reduced out, ω is presymplectic and thus has zero modes generating gauge symmetries. Upon symplectic reduction one yields the physical or reduced phase space. We consider ω to be non-degenerate below.
Together with the physical phase space given by the moduli space of flat connections
we have a symplectic manifold (Γ, ω), where G = C ∞ (S 2 , SU (2)). Now we distribute sources on S 2 , each coloured with an representation {ρ i } of su (2) , which are hermitian traceless matrices representing the generators of SU (2) in the defining representation. The insertion of the punctures renders the configuration space of this system multiply connected. In the next subsection we will show, that this allows for a distinct type of statistics, originating in the kinematical ambiguity in quantizing such a system. For now, the sources change the action to
where a ∈ {1, 2, 3} denotes internal su(2)-indices. The Euler-Lagrange equations lead to the (induced) constraint
It delineates that the curvature of the connection on the surface is concentrated at the points of the sources/punctures. This first class constraint generates (small) gauge transformations and (small) diffeomorphisms. More precisely, the horizon part of the smeared Gauss constraint is
for all λ : ∆ → su (2) . The diffeomorphism constraint is
for all vectors ξ (µ = θ, φ) which are tangent to the horizon. It generates small diffeomorphisms, which are elements of Dif f 0 (S 2 N ) and N denotes that the puncture set is ordered. The form of (19, 20) implies the on-shell equivalence of small diffeomorphisms and small gauge transformations as in (8, 10) . In addition, for the sources at the points {p i } one has conjugations
Due to the gauge invariance of F one has to stipulate for the conjugacy classes C i = C g i . The physical phase space of this system in its smooth description is given in the literature as
The form of the overall symplectic structure (11) motivates to quantize the bulk and horizon d.o.f. separately. The quantum geometry of the bulk is given by a spin network, whose graph impinges on the horizon surface yielding the punctures. This motivates (17) and the quantum version of (12, 18) 
which is imposed on kinematical states ψ total = ψ bulk ⊗ ψ horizon as
to obtain elements of the physical Hilbert space of the horizon theory. 
where H P bulk denotes the bulk space of states. One denotes by G total = G bulk ⋉ G horizon internal SU (2)-transformations, diffeomorphisms which preserve the surface and eventually motions, generated by the Hamiltonian constraint H. Since the IH framework stipulates that the lapse is restricted to vanish on the horizon, the scalar constraint H is only imposed in the bulk. After imposition of (19, 20) one yields the CS-Hilbert space on the punctured sphere Inv(⊗ p j p ), where j p ≤ k/2. To motivate the following discussion on anyonic statistics, we want to reinspect the action (17) briefly. When recovering 1/ in the path integral (9) and being aware that the level k ∝ , we observe that the (topological) source term carries explicitly in it. It is this until here disregarded property of the source term, which makes interesting quantum effects expectable.
C. Appearance of anyonic statistics
After this recapitulation we want to take a look onto the features associated with the topology of the phase space (22) for it reveals the inherent possibility of having anyonic statistics for the horizon d.o.f.. The key idea is that due to the topological defects connections become elements of the non-trivial first de Rham cohomology group on the phase space. This group is tied to fundamental group of the configuration space. Representations of the latter label in the quantum theory inequivalent quantizations and this opens the possibility of having anyonic statistics. To this aim, we will firstly reparametrize the phase space (22) . Then we gather needed facts about symplectic geometry of phase spaces with topological defects. Using this, we firstly discuss the case of a single puncture on R 2 and apply it then to the problem of the punctured sphere. A first observation is related to the fact that the phase space (22) can be parametrized through holonomies along curves on the punctured surface and is thus equivalent to
The (2)) which concur with small oriented loops around the punctures {p i }. F N (S 2 ) denotes the configuration space. For the specific case of distinguishable puncture
. The fundamental group π 1 of this space is the spherical braid group
on N strands (cf. appendix (B,D)). Paraphrased, the presence of punctures on the surface causes that some of the (horizontal) loops in (27) become non-contractible.
In the following, the properties of (26) will be further discussed by means of tools from symplectic geometry [52] . Let (Γ, ω) be a generic symplectic manifold. One calls a vector field η on Γ that preserves ω, i.e. L η ω = 0, a symplectic vector field. Using Cartan's magic formula and the closedness of ω one has
η is only symplectic if i η ω is closed, whereas it is a Hamiltonian vector field, if additionally i η ω is exact. It is a fact, that locally on every contractible (i.e. simply connected) open set, symplectic vector fields are Hamiltonian. Additionally, when H 1 (Γ; R) = 0 then globally every symplectic vector field is Hamiltonian and we can write i η ω = −df , for some function f ∈ C ∞ (Γ, R). The diffeomorphisms of Γ, which are generated by Hamiltonian vector fields are known as canonical transformations. However, in case that H 1 (Γ; R) = 0, for some transformations η the corresponding i η ω is a non-trivial element of H 1 (Γ; R) and therefore there is no globally defined function f on Γ for this transformation. Equivalently, there can be several choices for the canonical 1-form θ differing by elements of H 1 (Γ; R), but giving rise to the same symplectic 2-form ω. The ambiguity in θ has no effect on the classical equations of motions. H 1 (Γ; R) measures the obstruction for symplectic vector fields to be Hamiltonian. Let us apply this to (14) . Ifθ is closed, then θ and θ +θ will lead to the same ω. The defects lead to non-contractible loops on Γ, which is of relevance for the quantum theory [56] . To exemplify this, assume for simplicity the theory to live on R 2 0 and that
Suppose that A was a U (1)-connection and
is not simply connected. n γ is the winding number, which gives an element of π 1 (R 2 0 ). Differently spelled, A ∈ H 1 (Γ; R) represents an element of π 1 (R 2 0 ). 0 ≤ ϑ ≤ 2π is an extra parameter needed for the complete characterization of the corresponding quantum theory and it arises when the first homotopy group of the configuration space is non-trivial. It is well established, that such a parameter is needed in order to describe particles of (abelian) anyonic statistics in two spatial dimensions [35] [36] [37] [38] . For a SU (2)-connection an analogous argument can be made giving rise to the characterization of non-abelian anyons. If we invoke the perspective of topology [36, 51] for our case, the kinematical ambiguity in the quantization of the classical system on the configuration space F N (S 2 ) has to be classified by the set of all irreducible unitary representations of the fundamental group
The respective quantum theory deals with multi-component state vectors lying in SU (2). These are labelled by Hom(π 1 (F N (S 2 )), SU (2)), with
. One particularly observes, that for this classification no knowledge of the dynamics of the system is needed. The account of Γ's topological intricacies thus unveils the anyonic nature of the LQG horizon degrees of freedom. Using this, let us consider the (topological) motion/parallel transport of punctures along and around each other. If the puncture is transported within an area devoid of any other sources (so no curvature F ), nothing physically interesting happens. In contrast to this, one expects that if the path of the parallel transport encircles at least one other puncture, the effect of the external field to be non-trivial. A complex phase similar to the situation as in the Aharonov-Bohm effect should occur. To see this, consider S 2 ∼ = C ∪ {∞} to rewrite the configuration space as
This is equivalent to
where
The form of the phase space (22) and (26) , respectively, allows us to trade
. As stated, inequivalent quantizations on the configuration space F N (S 2 ) are marked by representations {ρ : B n1,...,n k/2 (S 2 ) → SU (2)}. For the gauge fields one has
where ⊗ denotes the Kronecker product. This connection is also known as the Knizhnik-Zamolodchikov or Kohno connection [45, 48] . With this a simultaneous puncture rearrangement can be given using the holonomy operator of (33)
The loop γ is taken from the homotopy class
Notice that in the theory of Riemannian surfaces one assigns residues to the isolated singularities of differential forms. If one has a meromorphic 1-from on a compact surface such as S 2 , then the sum over all residues vanishes. This is because a loop γ that encircles all singularities can be shrunk to a point on the back of S 2 and has to be considered when dealing with (34) .
D. Distinguishability of horizon states
We have tacitly used until here that (when considering solely the gravitational case in contrast to [28] ) the horizon states are distinguishable. This choice drastically influences the quantum statistics of the model and is well motivated in the LQG literature [2, 4, 9, 19, 24] . We want to revise some of the supporting arguments now. A strong motivation comes firstly from the observation, that only under the assumption of distinguishable states one obtains a linear entropy/area-relation [4] and an extensive entropy function [24] . Earlier than these arguments was an idea regarding the distinguishability of the horizon states from a purely algebraic point of view promoted in [2] . One abstracts from (25) and thinks of A as the space of bulk states H P bulk , B as the space of surface states H P horizon , × as the tensor product ⊗ and G as the gauge group G total , whose action we firstly assume to be not free. Then we have the following isomorphism
where G a is the stabilizer of a ∈ A. If the action of G is free, all stabilizers are trivial and (35) simplifies to
We will apply this now to the underlying algebraic structure of the Isolated Horizon state space. Starting with (35) and thinking of the elements in A, B again as states, then (a, b) and (a ′ , b ′ ) are only in the same G-orbit, if one requires that the surface state
horizon /G a does not lie in the same G-orbit as (a, b) and is distinct from the latter. Consequently, physically equivalent states, i.e. states in the same G-orbit, can be discriminated from states in different orbits. Going back to our case, one has
where Inv(⊗ p j p ) ∼ = H P horizon /G horizon is just the CSHilbert space. Gauge and (spatial) diffeomorphism constraints in LQG generate transformations, which are connected to the identity. Therefore, G total 's action is free and only trivial stabilizers acting on the horizon states, leave the bulk invariant. As a consequence a state b of the horizon Hilbert space reacts sensibly towards a permutation of the puncture labels. Whether such an operation changing the order of the configuration {n j } gives a distinct microstate, depends ultimately on whether these different configurations can be physically discriminated. We will explain now, that the distinguishability of the surface states is immanent to the model since the field strength F a does not commute with a non-trivial permutation.
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Before dealing with this issue, we want to emphasize that the notions of identicality and indistinguishability in quantum physics should not be mingled [33, 34] . Quantum entities are denoted as identical, if they have their state-independent or intrinsic properties in common, which are certain exactly equal observable parameters. These are for example constant properties such as charges, spin and rest mass. Whether a property is intrinsic or not, is a system-relative issue. Nonidentical objects are always distinguishable by their different intrinsic or state-independent properties. With this one denotes identical entities as indistinguishable, if they suffice the empirically motivated indistinguishability postulate. It states that all observables O must commute with all permutations P of the considered entities, i.e. [O, P ] = 0. Then only symmetric hermitian operators are considered as observables. Corresponding microstates remain unchanged under a permutation. However, if a permutation interchanging entities in two different single-entity states yields a physically distinct microstate of the system, then each of these microstates has to be considered in the state counting procedure on its own. In the specific case of the horizon punctures one deals with identical but nonetheless distinguishable entities [2, 4, 9, 24] .
3 Puncture states are labelled with representations ρ j which is clearly a state-dependent property. The relevant observables of the horizon model for its thermodynamic discussion are the area operator A = 8πℓ 2 p γ p j p (j p + 1) and F a , respectively. It is clear that [ A, P ] = 0 holds but for F a this would be false in general.
2 It is certainly conceivable to consider the punctures as indistinguishable, since the underlying field A is for all of them the same. Then one could totally (anti-)symmetrize the states as well as the boundary condition. Inv(⊗pjp) would then decompose which in turn would alter the statistics. In the purely gravitational case the state-counting for indistinguishable states was pursued e.g. in [4] leading to a non-linear entropy/area-relation. More recently, in [28] it was shown that semiclassical consistency seems to imply that when including holographic degeneracy of matter states associated with the quantum horizon, only indistinguishability leads to the correct leading-order entropy. This does not contradict our discussion, since we do not consider the effect of matter d.o.f. here. We will comment on this in section (III.). 3 There are also other consistent though hypothetical formulations of quantum systems consisting of identical but distinguishable particles e.g. [34] . Another less involved example would be a model approximating a solid, which consists of a system of independent and localized oscillators [33] .
To 
Consider now the Wilson line operator hol γ1 (A aĴ a ρ1 ), where γ 1 is a non-intersecting path on the punctured S 2 . Its endpoint marks the position of the first source. Since G a generates gauge transformations,
holds. Using this, the following product wave function corresponding to the N -puncture state |{p i , j i } i=1...N fullfills (38) and is given by
When ignoring the prefactor,F a acts on ψ horizon aŝ
For simplicity, let N = 2 and further let P swap the supposedly unequal arguments of the first and second punctures, we observe
For generic permutations and horizon wave functions this gives
In addition to ψ horizon , F a is thus non-symmetric. 4 This has as a consequence, that if one keeps the representations attached to the incident bulk links (described by Σ a ) locked, but arbitrarily permutes horizon puncture labels, then the boundary condition (24) would in some cases be violated [19] . It follows, that a microstate which is a representative in one G-orbit is changed by such a puncture permutation into a physically distinct (nondiffeomorphic) one lying in a different orbit. From the statistical point of view one actually has to count such different equivalence classes, which correspond to different microstates and that are accessible to the system in the macrostate (E, N ). This is reflected by the statistical distributions (1) and (3), respectively. Notice however, that only in d ≥ 3 spatial dimensions particle exchange is mediated by an element P of the permutation group S N . In the next subsection we account for the fact, that in d = 2 such an exchange is mediated by (the generalization of S N to) the braid group. Motivated by this discussion, we will still assume that differently labeled punctures are distinguishable.
E. Large diffeomorphisms and the braid group
Inspired by [16] , one might think to have the freedom of regarding the horizon states either as invariant under the large diffeomorphisms of the punctured S 2 , which fall into the mapping class group M n 1/2 ,...,n k/2 (S 2 ) (cf. appendix (E)), or to let them transform by an unitary representation of it. In the former case, large diffeomorphisms would be considered as gauge, whereas in the latter they would be regarded as a symmetry of the theory. States would transform with respect to it. In the following we will argue for the latter case. Firstly, the action principle does not dictate the transformation properties of the physical states under the diffeomorphisms which are not in the identity component. This is because no constraints are associated to them. Small diffeomorphisms are generated by the constraints encoded in the action (19, 20) , so only they should apriori be factored out. To demand the invariance under large diffeomorphism transformations is an extra assumption [55] and it would certainly have an effect on the calculation of the horizon entropy. Secondly, on the classical level, a diffeomorphism of the punctured S 2 induces a linear transformation on
, which in turn is the reason why the latter gives rise to a representation of the mapping class group [41] . Let us exemplify these points, by considering one hemisphere of S 2 with some punctures on it. This would be homeomorphic to a punctured disc. It is a matter of fact, that the mapping class group of the N -punctured disc M N (D 2 ) is isomorphic to the braid group of the disc B N (D 2 ) on N strands. The latter is also equivalent to B N (R 2 ). Following [38, 45] , we want to illustrate, how unitary representations of braiding generators can be calculated by means of CS-theory for the specific setting of 2 coloured punctures. Let's consider the winding of the first puncture along a loop C completely around the second one. The process is depicted in FIG. (1) , where other punctures are not encircled by C and are thus suppressed. The computation of this parallel transport gives the monodromy operator. Knowing it, determines the statistics of this model and lies thus at the heart of why CS-theory can be used to describe a puncture system, which exhibits abelian/nonabelian anyonic statistics.
There are different ways to calculate the effect of this transformation leading to the same result [38, 45, 46] . In one of these the monodromy operator acting on (40) is obtained by starting with
and commuting hol C (A ρ1 ) with hol γ2 (A ρ2 ). More comfortably, we can use the holonomy of the connection A K (34) acting on ψ horizon , namely ρ C ( A K )ψ horizon . Hereafter we drop the subscript of the wave function. By executing the contour integral one yields the monodromy operator
where σ 1 is a generator of the braid group (cf. appendix (B)) and q = e i 2π k+2 is the so-called deformation parameter. Dragging the first puncture along C corresponds to a large diffeomorphism, isotopic to the class of σ 2 1 . This is an element of the pure braid group (cf. appendix (B)).
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Using M , one obtains an expression for the case, where both sources are just interchanged with each other. This is given by the braiding matrix
where P 12 is the permutation operator and M = B 2 . In the limit k → ∞ (i.e. large Black Holes) the deformation parameter q goes to 1, so the operator B is reduced 5 Higher powers of M correspond to different winding numbers and encirclement of several punctures corresponds to the ordered product of monodromy operators.
to the permutation operator P 12 . Pictorially, by sending k to infinity, one forgets the topological information about what happened along the braid, that means, which crossings are over-and which under-crossings. One simply notes the final configuration of the sources down and only the permutation of the puncture ordering matters. Differently spelled, braids with the same initial and final configurations but different windings are identified; the same applies to the corresponding mapping classes, too. One should bear in mind, that this reasoning used punctures on a disc and we therefore ignored the specific effect due to compactness of the sphere. In appendix (D,E) it is explained, how the topology of S 2 leads to the constraint eqn. (D1) upon the braid generators. In principle, this constraint could be included into the discussion, in order to calculate representaions of B n 1/2 ,... (S 2 ) or M n 1/2 ,... (S 2 ), respectively. These groups are related as
which is recovered in (E10). We won't compute their representations here but their well-definedness is guaranteed by (A3). Let us connect this information to the discussion on the distinguishability in the last subsection. To this aim, assume an appropriately defined (physical) inner product as in [47, 49] . Formally, one should have
Due to Schur's orthogonality relation this expression vanishes if the respective operators hol γi in ψ 1 and ψ 2 do not carry the same representation. With this assumption we can qualitatively argue that
holds. For B in caseĴ ρ1 =Ĵ ρ2 we obtain ψ| Bψ = 0, ∀k.
By calculating the probability density from the superposition
where e.g. ψ II = M ψ I one obtains
The phase relation between ψ I and ψ II is expressed by the interference term being proportional to cos(π/(2 + k)). For electromagnetism the AharonovBohm effect demonstrates that the gauge potential is the true fundamental object giving rise to such a measurable interference term. In this spirit and that of [30] , we can heuristically argue that such a term could in principle provide us with similar information. We conclude, that the wave function is not invariant under the action of the mapping class group/braid group, unless one applies a pure braid in the large k-limit. Apart from this specific case, the mapping class group maps a state to an orthogonal one, if it also swaps supposedly different representations of 2 punctures. It separates the relevant Hilbert space into orthogonal subspaces, which are only equivalent with respect to the area operator A but not with respect to F a . We can see the former easily, since A is a function of the su(2)-Casimir operator and thus commutes with all the generators of the Lie algebra. For a representation ρ of a generic element of the braid group one has ρψ| A|ρψ = ψ|ρ −1 Aρ|ψ = ψ| A|ψ .
The area operator A is thus also invariant under large diffeomorphisms. The same does not hold for F a . We have already seen in (45) , that for F a in the large klimit one finds [ F a , P ] = 0. For finite k and hence using a B-type transformation instead of P , a similar result holds. We owe this to the fact, that su (2) is non-abelian and P ψ = ψ is assumed. We modify (45) 
F a transforms under the action of large diffeomorphisms of the punctured surface, which are closely tied to this surface's braid group (49) . Due to the fact, that the large diffeos can drag the incident bulk edges along, they can cause a knotting of the spin network at least in the vicinity of the horizon. Whether a differently knotted spin network truely corresponds to a different overall quantum state of the geometry, depends ultimately on whether we can measure the difference between the states. The field strength of the connection on the horizon is an observable, which could in principle be used to distinguish between different knottings by means of (56).
F. Aspects of the algebraic theory of su(2) k -anyons
It is known from solid state physics that quantum systems in two dimensions exhibit anyonic statistics [35] [36] [37] . The question arises, how the anyonic nature of the puncture system, captured by (47, 48) , affects its statistics and consequently the form of its entropy. This subsection illustrates, that the Hilbert space and consequently the entropy of Isolated Horizon quantum system completely agree with the results for a corresponding system of nonabelian anyons in condensed matter physics. To this aim, we will go through the abstract definition of a model of su (2) k -anyons. The mathematical formulation of a model of non-abelian anyons in solid state physics is involved and demands more than the above given braid group description. One actually needs representations of the braid group which are compatible with the notion of fusion. The mathematical structure which consistently captures these features is a modular tensor category, specifically a unitary braided fusion category [38] . Without going into the mathematical intricacies, we will consider a particular set of classes of non-abelian anyons. These are the su(2) k -anyons, which arise in non-abelian Chern-Simons theory with G = SU (2) and level k ≥ 2. A particular class of non-abelian anyons is therein defined by each value of the level k. For the full specification of the braiding statistics of a system of such anyons one needs to give the following data:
(1.) Anyon species/superselection sectors forming a finite set: The different anyons are labelled by spins
(2.) Fusion rules: Similar to ordinary spin systems, the anyon labels are combined by certain fusion rules, determining their collective behaviour. In terms of the fusion matrices N j• the composition rule reads
(N j1 ) j j2 are non-negative integers. For any combination of anyons j 1 , j 2 , j ∈ M there is a finite dimensional Hilbert space V 
The Hilbert space of the N -punctured sphere with spins at each puncture is constructed by sewing together a chain of (N −2) 3-punctured spheres, called pants decomposition. By summing over all possible puncture configurations and with an appropriate combinatorial pre-factor one obtains (1) .
(3.) The R-matrix: This unitary object is used to describe particle exchange through braiding of two anyons j 1 , j 2 before they fuse to anyon j. This is diagramatically represented in FIG. (2) . Its relation to the braiding matrix B is given below. fusion of three anyons is associative and therefore one has two ways to fuse three anyons to a fourth. These two ways are related by a basis change, depicted by FIG. (3) . The F -matrix is unitary and
is subject to two consistency conditions. The first is called the pentagon relation/ Biedenharn-Elliott identity,
The second is termed as the hexagon relation,
Finally, the braiding and the R-matrix are related by
5. The modular S-matrix simultaneously diagonalizes all the fusion matrices {N j }. Through the Verlinde formula it is related to the fusion multiplicities,
(6.) Topological spin h j and twist θ j : The twist θ j is related to the topological spin by θ j = e i2πhj = R 
here with c = 3k/(k + 2). The topological spin feature shows up, if one considers anyons with a finite extent, rather than point-like objects. Then one must consider the possibility of a 2π rotation of a single anyon relative to the rest of the system. Their finite extent renders their world lines to ribbons, which are twisted by such rotations. In the context of CS-theory the thickening to a ribbon is called framing and it is needed to preserve general covariance on the quantum level [41, 45] . h j should be discriminated from the actual spin of the object, which is related to the transformation properties with respect to the 2d rotation group SO(2) [35] . Even if the considered system does not exhibit rotational invariance, h j is properly defined.
When comparing points (1.)-(6.) of this definition with the results known from the discourse of quantum IHs in LQG, we see that they fully agree. The latter's description for G = SU (2) has been accomplished by means of a Wess-Zumino-Witten-CFT on the bounding S 2 [7] , SU (2) k CS-theory on R × S 2 [11, 14] or the representation theory of the quantum deformed SU q (2), with q a non-trivial root of unity [15] . These agree because the notions of a 2d modular functor, 3d TQFT and modular tensor category are essentially the same [50] . The Hilbert space of the quantum IH is hence analogous to the fusion Hilbert space of non-abelian anyons. This extends to their dimensions agree and thus their entropies.
III. DISCUSSION AND CONCLUSION
In this article we investigated, whether and how the notion of anyonic/braiding statistics has bearing on the current LQG Black Hole model, based on the quantization and symmetries of SU (2)-CS-theory living on a punctured S 2 . We have shown that such a model explicitly displays (non-abelian) anyonic physics. The anyonic statistics arises due to the topological properties of the N -puncture configuration space or the phase space of the describing field theory. The topological motion/parallel transport of punctures on the horizon is mediated by means of the spherical mapping class group. By recapitulating facts from algebraic topology on the relation between this group and the braid group in the appendices, we related the large diffeomorphisms of the punctured sphere to the statistical symmetry of the horizon degrees of freedom. The discussion layed out in this article thus settles the question raised in [22, 25, 27, 28] , whether the horizon degrees of freedom obey anyonic statistics. This inspires us to discuss now further implications and questions, related to the presented results. The spatial diffeomorphism constraint H i of LQG generates diffeomorphisms, which are connected to the identity and one could naturally ask about the behaviour of H Dif f under large diffeomorhisms of the fixed 3-manifold M . We recall that the quantum states of the geometry of M are given through embedded spin networks.
Through their embedding, spin networks acquire topological degrees of freedom in terms of their knotting behaviour in M and hence, diffeomorphism invariant spin network states fall into different knot classes. A proper and closed physical interpretation of these topological degrees of freedom is not yet available though tentative ideas were put forward in [63] . In quantum theories of gravity, which are based on a spacetime topology R × M , distinct quantum sectors labeled by the inequivalent unitary irreducible representations of the mapping class group of M exist. These inequivalent quantizations, also called θ-sectors, show up if the configuration space of a quantum system has a non-trivial first homotopy group [31, 51] . As pointed out e.g. in [29] , in LQG it is normally argued, that the passage from Dif f 0 (M ) to the entire mapping class group M CG(M ) is non-trivial and that it would not be forced on us by the formalism. As the mapping class group of M is not well understood, the practical option in LQG would be to consider the large diffeomorphisms to act trivially on the states [1] . However, as we have seen above, the Hamiltonian formulation of CS-theory on the horizon gives rise to a Hilbert space of states which is only invariant with respect to the group of small diffeomorphisms. Unitary projective representations of the mapping class group can be computed on this state space. The action of the mapping class group on the punctures leads to their parallel transport and since the punctures are belonging to incident bulk spin network edges, these are braided among each other. The result cannot be unraveled through the application of a (small) bulk diffeomorphism. This gives the possibility of changing the overall knot class of the spin network describing the quantum geometry of bulk and horizon together. The amounting topology change of the graph, i.e. the different knottings, can be distinguished by means of the CS-field strength F a . When considering large Black Holes (k → ∞), we observed that the (non-abelian) representations of the braid/mapping class group of the punctured sphere on the Hilbert space reduce to those of the permutation group. Hence, the large k limit effectively collapses much of the group of large diffeomorphisms. Elements of the pure mapping class group are identified as the unit element and leave states invariant. The information about the knotting is apparently lost and one is solely left with the combinatorial information of the graph on which the horizon impinging spin network lives. In this limit one can identify states in H phys , which would be nonequivalent, if k is kept finite. For a fixed horizon area (energy), this should lead to a quantifiable reduction of the Black Hole entropy. In [27] the question was raised, whether the difference in the entropy calculations for a BTZ Black Hole using the CFT and the LQG approach could be related to disregarding large diffeomorphisms in the LQG treatment. In the CFT approach the negative log-correction is a result of the modular invariance (i.e. the invariance under large diffeomorphisms of the torus) of the partition function, leading to the identifi-cation of states [43] . Back to the case of 4d LQG Black Holes, it could now be interesting to reconsider the role of the CS-level k on the entropy. Usually, it is claimed that S(k < ∞) = S(k → ∞) at the leading and subleading order [14, 15] though in [18] it was argued, that the −3/2 log-correction of the entropy occurs only in the (k → ∞)-limit. The dependence of the entropy on the level beyond leading order and its relation to anyonic statistics should be clarified elsewhere. Such a discussion would also enlighten properties of LQG Black Holes of small classical horizon area a H , for which, according to this article, the anyonic statistics becomes relevant. The discussion layed out in section (II.) is also supported from the recent rigorous attempt at providing a full definition of a quantum horizon from within LQG in [25] . There the invariance of the quantum horizon state ψ horizon under diffeomorphisms which leave the punctures fixed, was explicitly shown. These diffeomorphisms are actually the just discussed small ones. It was noted in [23, 25] , that this symmetry gets broken, if one interchanges two differently labelled punctures, while leaving the other ones invariant. It is clear by now, that such an exchange is mediated by a large (non-pure) diffeomorphism. The statistical symmetry associated with the large diffeomorphisms leads to a non-abelian anyonic statistics of the horizon d.o.f., which can be extracted by using the symmetry properties of CS-theory. In this light it should be checked, whether the algebra of observables used within the intrinsic discussion of [25] also admits a non-trivial quasi-triangular Hopf algebra structure allowing for the braiding symmetry [47] . Non-abelian anyonic statistics is known from particular systems studied in solid state physics. Topological states of matter which obey non-abelian braiding statistics were predicted for so-called fractional quantum Hall systems and there is indirect experimental evidence for their existence. The former are even used as the archetype of a non-abelian topological state, which could enable a faulttolerant way to perform quantum computation, see e.g. [38] . The analogy of the LQG Black Hole model to such distinct solid state systems could in principle be used to get a better understanding of the former's nature following the spirit of "analogue gravity" [62] . In this light it should be mentioned, that for such topologically ordered 2d-solid state systems a universal characterization of the many-particle quantum entanglement was found using TQFT methods. In the entanglement entropy of such systems a universal entropy reducing constant occurs, which characterizes a global feature of the entanglement. This topological entanglement entropy accounts for the correlations related to the non-local nature of the Wilson line operators [39] . The investigation of this notion of entropy in the realm of LQG Black Holes is also left for future studies. Finally, we want to emphasize that in this article only gravitational d.o.f. were considered and these were treated as distinguishable. Recently, in [28] it was shown that by introducing a holographic degeneracy factor accounting for matter d.o.f., only indistinguishability of the horizon states leads to a result consistent with semiclassical treatments. This result does not contradict the discussion of this article, since we excluded matter d.o.f. from the very beginning. Upon their inclusion, one would have to use the (symmetrized) configuration space for N indistinguishable objects in appendix (C). This would lead to a braided statistics for the horizon d.o.f. based on considering only B N and not B n 1/2 ,...,n k/2 . The same would apply to the discussion of the large diffeomorphisms. The computation of their representations acting on states would e.g. necessitate to symmetrize (33) . Whether a complete discussion of these points is in accordance with the suggestions of [28] regarding the effect of anyonic statistics, is left for future work.
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Appendix A: Atiyah's TQFT axiomatics
We briefly present the axiomatization of Witten's notion of a TQFT [41] by Atiyah [40] to complement the content of section (II.). A (2+1)-dimensional TQFT (Z, V ) over C consists firstly of the association of a vector space V (Σ) over C to every closed oriented smooth 2-dimensional manifold and secondly of the association of an element Z(M ) ∈ V (∂M ) to every compact oriented smooth 3-dimensional manifold M . These two associations are subject to the axioms:
1. (Z, V ) is functorial with respect to orientation preserving diffeomorphisms of Σ and M : Let φ : Σ → Σ ′ be such a diffeomorphism, then one associates to it a linear isomorphism V (φ) : 
Due to general covariance, this is invariant under smooth deformations of the (framed) 
is homotopically invariant. It is implied that
is a well-defined representation of M CG(Σ) = Dif f + (Σ)/Dif f 0 (Σ), which acts as a symmetry on H Σ . The axioms also imply how to obtain the dimension of
Coupling such a TQFT to a 1-dimensional one, corresponds to puncturing Σ at the set of points {p i } by unknotted parallel circles coloured with their respective representations {ρ i }. For Σ = S 2 the application of the partition function to this configuration gives
6 In CS-theory quantum mechanically well-defined Wilson loop operators necessitate the introduction of a framing prescription in order to preserve general covanriance. As a consequence, the lines are effectively transformed into small extended ribbons. An immediate implication of this is, that each component of the link (and consequently every puncture) carries an extra variable, which tells us how many times the ribbon is twisted.
and using techniques from Conformal Field Theory [8, 41, 48] for a configuration of distinguishable punctures with occupation numbers {n j } one yields eqn. (1) [7, 14, 15] . (A3) holds also for the case of punctured surfaces [41, 48] . The precise form of the mapping class group of the punctured sphere is recovered below. Following [57, 59, 60] , facts about the braid group are gathered.
Definition B.1 The (Artin) braid group B N on N strands is an infinite group, which has N − 1 generators σ i , with (1 ≤ i ≤ N − 1). The generators obey the following two relations 1.
2. the Yang-Baxter-relation
(σ i ) −1 denotes the inverse and e the identity. The generator σ i corresponds to the braiding of the i-th strand with the i + 1-th strand in an anti-clockwise direction, where no other strands are enclosed. The multiplication of the generators is geometrically understood as a concatenation of braids. In FIG. (4) an elementary braid of two neighbouring strands is given. Taking the special case where σ 2 i = e for 1 ≤ i ≤ N − 1, the braid group reduces to the permutation group S N , which in turn is a finite subgroup of B N . There are non-trivial topological classes of braids, when the strands are distinguishable. These correspond to the elements of the pure braid group. 
with 1 ≤ i < j ≤ n and the following relations For pure braids the endpoints are kept fixed, whereas in B N they can be permuted. The kernel of the epimorphism f : B N → S N is P B N , which can be compactly written as the short exact sequence {e} → P B N → B N → S N → {e}.
(B5)
Appendix C: Topology of configuration spaces for (in)distinguishable particles
Let the configuration space of one particle be denoted by F = X. For N indistinguishable particles one cannot make a distinction between points in F N = X N differing by the order of the particle coordinates. Let x = (x 1 , ..., x N ) ∈ X N and a different point x ′ ∈ X N with x ′ = P (x) = (x P −1 (1) , ..., x P −1 (N ) ), where P ∈ S N . Physically equivalent configurations are thus orbits of points in X N with respect to S N . The configuration space is Q N ≡ X N /S N . More formally, let M be a connected manifold of dimension d = 2 or higher. Let N be a positive integer, denoting the total particle number. Define Faddell's configuration space of a set of N ordered points in M to be F N (M ) = {(x 1 , ..., x N ) ∈ M ×...×M |x i = x j f or i = j}.
(C1) In the physical context the ordered points are distinguishable particles. In contrast,
is the configuration space of a set of N unordered points in M , representing indistinguishable particles. A particle exchange by means of an adiabatic transport in d = 2 spatial dimensions is different from d = 3. In 3d paths can be continuously deformed, whereas in 2d the topology of the configuration space allows for an oriented winding by an arbitrary number of times around other particles. Mathematically, these properties of the transport paths are captured by the first homotopy group of the configuration space. For indistinguishable particles it is given as: 
It should be emphasized, that there is no relation between anyonic statistics and para-statistics, the latter being obtained when considering higher-dimensional representations of S N [33] . In contrast to the above discussion, one has for distinguishable particles/punctures
whereas for d = 3 the fundamental group is just e ∈ S N . If a N -particle system consists of a variety of distinct and thus distinguishable species, one has n j particles of species j with N = jmax j n j . The configuration space is
and its first homotopy group is π 1 (Q N ) = B n1,··· ,nj max (M ).
It generalizes the braid group B N (M ) to j max distinguishable strand species. (C9) is an extension of P B n1+···+nj max by S n1 × · · · × S nj max and one has the short exact sequence {e} → P B n1+··· → B n1,··· ,nj max → S n1 × · · · → {e}.
